Abstract-Some modern techniques are applied from real semialgebraic geometry to the robotic manipulator problem. In particular, using the notion of "metric entropy," the complexity of maneuvering the manipulator from state to state is discussed.
INTRODUCTION
NE OF THE key problems of robotics is the manipulation of rigid bodies by manipulators which are motor-driven kinematic chains. The purpose of this paper is to apply some modern techniques from real semialgebraic geometry to this central problem area.
The application of semialgebraic geometry to certain areas of robotics is by now standard. For example, consider the "piano movers' problem" discussed in [14] and [15] . Here one is interested in finding a continuous motion which will take one body (a "robot" or "robotic manipulator") from a given initial position to a desired final position. Of course, there are some geometric constraints (e.g., one does not want the robot colliding with a wall!). Under certain natural assumptions (see [14] , [15] , and Section I, to follow), one can show that the solution of the piano movers' problem amounts to finding an effective algorithm for computing when two points lie in the same connected component of a certain real semialgebraic set. In a sense, this problem has been solved by Tarski [19] , and present work centers on finding more efficient algorithms for computing the solution (which are suitable for implementation on a digital computer).
In this paper we would like to apply certain recent results (e.g., [5] - [7] , [22]-[24] ) in the geometry of semialgebraic sets to the robotic manipulator problem (see Section I for a precise statement). We feel that a contribution of this work is the use of new techniques in the theory of semialgebraic mappings (see, e.g., [5] , [22]-[24] ) in studying robotic manipulators.
Previous work has centered mainly on the static properties of real semialgebraic sets without considering algebraic morphisms between them. We will see, for example, that these ideas lead to a notion of "bad positions" for the manipulator defined in terms of the critical values of a certain map. When the manipulator is in such a state, one has little control over its position (see Section V for a precise definition). We will also be able to study the notion of complexity (precisely defined through "metric entropy") as applied to maneuvering the robot from state to state.
We should emphasize that all the algorithms we will give in this paper are effective. However, "effective" is certainly not synonymous with "practical," and at this point the practicality of implementing our procedures on a digital computer must be considered open.
Finally, many of the technical results on real semialgebraic sets we use here can be found in [22] . A good introduction to topology and geometry from a system theoretic point of view can be found in [ 181.
I. GENERALITIES ON ROBOTIC MANIPULATORS
In this section we give a model of the type of robotic manipulator we will consider in this paper and discuss how the notion of the real semialgebraic set enters into its control. For related discussions see Brockett [2] and Paul [13] .
The robotic manipulator we wish to consider consists of n rigid bodies Pi, * * , P,, joined in a chain with joints at xl, * . , x,,. The joint xI is rigidly placed at the origin of W3, and the last body P,, is identified with a "tooling device" P (i.e.,
we set P = P,,). We also fix some point x,,, I in P. This situation is illustrated in Fig. 1 .
At each joint xi (i = 1, * * , n) we assume three degrees of freedom: the direction of the vector -and the rotation angle of Pi around the axis - (Fig. 2) . Mathematically, this situation can be described as follows. We assign to each Pi an orthonormal frame w; = (e;, e;, e:) at the point xi (i = 1, -e , n), where ef is parallel to -for i 2 1, and let wo be the standard orthonormal frame in R3 at the origin. Clearly, the position of Pi with respect to Pi-is completely described by the orthogonal transformation gi of W3 (i.e., g j E SO(3)) which sends wi-I to wi (i = 1, e , n). 
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A ' c A of admissible parameters will also be defined in A by polynomial equations and inequalities. A ' will also be referred to as the control space of parameters.
control of the robotic manipulator described in Fig. 1 
(Note that the point x,, + is irrelevant in describing the position of the tooling device P , and so we omit its expression from (l) .) Equations (1) imply that the behavior of the robotic manipulator represented in Fig. 1 It is well-known that SO (3) is an algebraic three-dimensional submanifold of W9, and hence A is a 3n-dimensional algebraic manifold. Note that the equalities (1) only involve matrix multiplication and addition. Consequently, 0 is a polynomial mapping of degree n. Now in any practical problem the situation is, of course, more complicated. Indeed, clearly, the admissible values of the control parameters g j will be restricted by the construction of the manipulator and certainly by the (minimal) requirement of avoiding self-collisions. However, if the restrictions on the parameters are given by polynomial equations and inequalities and the bodies Pi (i = 1, * * , n) are constructed from parts defined by polynomial inequalities and equations, then, arguing precisely as in [15] , it is easy to show that the subset
GENERALITIES ON SEMIALGEBRAIC SETS
In this section we formally define the basic mathematical object (namely, "semialgebraic set") we will use in this paper, as well as discuss some computational properties of these objects as related to robotics. Thus we begin with the following definitions. 
A. Definitions

B. Remarks
1) Note that if we claim that some property of A depends only on the diagram D ( A ) , this means in particular that the explicit coefficients of polynomials defining A are not relevant, but that for the given property we are only interested in specifying the combinational data given by the number of polynomials and their degrees.
2) We will see later (in Section IV) that a key question in the robotic manipulator problem (and the piano movers' problem) is determining the maximal number of connected components of all the semialgebraic sets with a given diagram. For the algorithm discussed in [ 151 this number is bounded by a quantity which is polynomial in the number of polynomials and in their degrees and exponential in the number of degrees of freedom n.
We would like to show here that this is not an accidental result related to a specific algorithm, but instead a fundamental property in the computation of the betti numbers of a given semialgebraic set. The fact that one gets quantities exponential in the number of degrees of freedom could of course have serious implications for the digital implementation of procedures involving the control of robotic manipulators.
Explicitly, let us see how to estimate the maximal number of connected components of the semialgebraic set A : = R2 U E {fi = 0 ) where the curves {fi = 0} are of degree d and in general position (see [ 181) . The arguments involved in the general case are similar (see [l] , [21] ). We will need the following two standard results (see [ l ] or [16] ).
a) The Harnack Inequality: Letf(x, y ) be a polynomial of degree d. Then the number of connected components of the Let C be the number of connected components of A . Then from (2) and (3) (and using a) and b) from before) we have c <~m [
an expression which is polynomial in m and d and exponential in the number of degrees of freedom n = 2. Since in the derivation of (4) we used only basic theorems of geometry, it is clear that the fact that one gets a bound which is exponential in the number of degrees of freedom is a fundamental fact and not an accident connected to some method of computation Finally, we note that it is easy to write down examples of --which is polynomial in the number of curves and their degrees and exponential in the number of degrees of freedom (= 2). Thus, generally, the best possible upper bound for the number of connected components of a given real semialgebraic set will depend exponentially on the minimal dimension of a Euclidean space into which the set may be embedded, i.e., on the number of degrees of freedom.
THE SET OF ACCESSIBLE POSITIONS
In this section we would like to describe the set of positions of the tooling device P which can be attained for admissible values of the control parameters. This important problem was studied, e.g., in [4] , [ 171, and [lo] . Clearly (using the notation of Section I), the proper notion in this context should be as follows.
Definition: The space of accessible positions of the tooling device P is the image O(A ') c R 3 x SO(3).
Now using standard and easy results from the theory of semialgebraic sets [3] , one has that O(A ') is a semialgebraic subset of R 3 X SO(3). Moreover, the diagram of O(A ') is determined by the diagram of A ', and the polynomial equations and inequalities defining O(A ') can be effectively found. Indeed, these remarks are simple corollaries of the Seidenberg-Tarski theorem [ 191, [3] . Explicit algorithms for such constructions based on a certain version of the Tarski
IV. ON THE PIANO MOVERS' PROBLEM
In this section we would like to precisely formulate the piano movers' problem and apply some of our geometric techniques to its solution to sharpen certain results from [14] and [15] . This problem is very similar to the robotic manipulator problem formulated in Section I, and, basically, the same ideas apply equally to the solution of both problems.
First recall 1141, [15] that the piano movers' problem in R3 may be stated as follows. Given a body (Y (three-dimensional, bounded, and semialgebraic) and a three-dimensional open region bounded by a collection of semialgebraic surfaces ("walls"), find a continuous motion connecting two given positions and orientations of (Y such that (Y does not collide with any of the walls, or show that no such motion exists.
Exactly the same problem can be posed for the robotic manipulator. Indeed, as before let O(A ') C R 3 X SO(3) denote the set of positions of the tooling device avoiding collisions (plus some other constraints; see Section I). Then, clearly, the piano movers' problem taken in this context amounts to finding whether two given positions (the initial and final positions) belong to the same connected component of 0(A').
As we have seen, under certain natural assumptions O(A ') is a semialgebraic set, and in [15] an algorithm is given for determining the connected components of 0(A '). Actually, using standard techniques from semialgebraic geometry, it is easy to prove the following theorem. Q.E.D. Now assume, using Theorem 1, that we have found the required path s joining q1 and q2 in O(A '). The problem of control of the robotic manipulator (or piano movers) then consists of effectively finding a semialgebraic curve S in the space A ' of control parameters such that the tooling device of the manipulator moves along s when the control parameters move along S. Mathematically, we are required to find a path S c A ' such that S(S) = s. Of course, since the number of degrees of freedom is greater than one, there are many S's which "cover" s. However, one has the following result. Then it is easy to see S is a semialgebraic curve and that 0(S) = S.
Q.E.D.
Remarks:
1) We should note that Proposition 1 does not guarantee that the covering curve 9 will be connected (when s is connected), which is certainly a property that one would require physically. However, one may modify the proof of Proposition 1 to obtain the following stronger result. Suppose s connects q1 and q 2 in 0(A ' ) (see Theorem 1). Then we want to know when a semialgebraic curve S E A ' exists such that 0(S) = 2) Proposition 1 is a special case of the following general result. Remark: The existence of S can be deduced using basically the same argument as in Proposition 1. However, if we are interested in a detailed description of the structure of S, we can use an important general result in semialgebraic geometry, namely, the stratification theorem (see [5] , [7] ). Basically, this theorem claims that given an algebraic mapping f: A 1 + A Z , we can effectively stratify A I and A2 into subsets ("strata") such that the restriction o f f to each stratum is smooth. Thus the stratification theorem provides a new and effective procedure for dealing with algebraic mappings (e.g.,
0: A ' + B3 X SO(3)).
Finally, using the metric properties of semialgebraic sets (to be discussed in detail in Sections V and VI), one can derive a number of useful facts about s and S. Indeed, we conclude this section with the following useful result whose proof may be found in [20] and [22] .
Proposition 2:
The lengths of the curves s and S constructed earlier are bounded by some constant C which may be effectively computed from the diagram D(A ' ).
V. THE SPACE OF BAD POSITIONS
In this section we relate the theory of critical values of algebraic mappings to a notion of "bad position" for the robotic manipulator. An obvious problem in the control of the robotic manipulator is that for certain states of the manipulator, large changes in the control parameters may only result in small changes of the tooling device P . For example, consider the situation illustrated in Fig. 3 . (Here the angle at the "joint" xz is n -E ; E a "small" positive number.) Clearly, the control parameters (up to first order) only influence the movements of xn+ in directions orthogonal to G,. 
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A ' (see [18] for the precise definition). Let y E R, y 2 0.
Then we set
Ithe absolute values of all the minors of maximal size of the Jacobian matrix of 0 do not exceed y>.
2) Given C(y), let
We call A(?) the space of y-boundedpositions of the robotic manipulator. Clearly, the smaller y is, the harder it is to control the tooling device P. Thus "small" y (of course, relative to a given physical requirement) corresponds to the manipulator being in a "bad position." We can now state the following key result whose proof we delay until Section VI (see "Remarks," Section VI). Note then that as y -+ 0, p(A(y)) 4 0. Hence Theorem 3 implies the important fact that the space of bad positions (taken relative to y) has small measure. In the next section we will substantially improve this result.
VI. METRIC ENTROPY
In this section we apply one of the key concepts in topological complexity theory to the robotic manipulator problem, namely, the notion of "'entropy.'' We will see that entropy can be a powerful tool in illuminating many aspects of the digital control of manipulators. We should note that a similar application of this idea has appeared in Zames In the preceding sections we attempted to demonstrate the strong relationship between certain problems in robotic control and the geometry of semialgebraic sets (e.g., A ' and O(A ')). We treated A ' C R3" and O(A ' ) C R 3 x SO(3) as subsets defined by certain polynomial equations and inequalities. However, in many instances these subsets must be considered pointwise with a prescribed accuracy (this situation occurs also in computer graphics).
From this "pointwise" view point the complexity of a given semialgebraic set A can be described by a certain number M ( E , A ) (basically the "~-entropy") which measures the number of points we have to digitally store if we require an accuracy of E > 0 in our computations. We will see that M(E, A ) can be explicitly bounded above in terms of a quantity determined by the diagram D(A) and that M ( E , A ) is well behaved under algebraic mappings (e.g., 0). Let us now precisely define M(E, A ) .
Definition: Let A C R n be any bounded subset. For any E > 0 we denote by M ( E , A ) the minimal number of balls of radius E in W" which cover A . H,(A) : = log2 M ( E , A ) is called the E entropy of A . By abuse of terminology, we will also refer to M ( E , A ) as the E entropy of A . (For a detailed treatment of entropy see [ 1 I] .) Clearly, to "store" A with accuracy E , it is enough to store all the centers of the M(E, A ) balls of radius E covering A . The behavior of M(E, A ) over various values of E reflects both the "massiveness" of A and its "complexity." We will record here without proof some properties of M ( E , A ) (following [22]) which show that for many practical problems the quantity M ( E , A ) is much more useful than the Lebesque measure of A .
Properties of M ( E , A): 1) For
where K(n) is a universal constant only depending on the degrees of freedom n, and p(A) denotes the Lebesgue measure of A .
2) M ( E , A ) is "stable" with respect to taking open neighborhoods. More precisely, let A , denote the E neighborhood of A in R". Clearly, if a certain number of balls of radius E cover A , then n balls of radius 2~ centered at the same points will cover A,. Hence
M(2EY A,) < M(E, A ) .
Notice that no such property holds for the Lebesgue measure. 3) The following property of M ( E , A ) is extremely important in the context of computations on a digital computer and hence in the digital control of a robotic manipulator. Namely, if A C R" has small Lebesgue measure, it can still be very complicated, and in particular, it can be very hard to find even one point not in A . For example, for Q C R, p(Q) = 0, but yet a digital computer cannot find even one point x E R such that x €E Q. From a computational standpoint every number is rational, even though the rational numbers have Lebesgue measure 0.
However, for M ( E , A ) we have the following. Let S be any 2~ net in R" (i.e., IIx -yII 2 2~ for any x, y E S ) . Then at most M(E, A ) points in S belong to A . (Indeed, any ball of radius E covers at most one point of S . ) Hence if we can compute (or estimate) M ( E , A ) , we can find "many" points whose prescribed neighborhoods do not intersect A .
The properties 1)-3) apply to any bounded subset of R". Let us now return to the case (of interest in robotics) when A is a semialgebraic set. Then we have seen that the "complexity" of the semialgebraic representation of A is measured by its diagram D ( A ) . In the following result we bound M ( E , A ) (the "pointwise complexity" of A with accuracy E ) in terms of
D(A).
Theorem 4: Let A C R" be a k-dimensional semialgebraic set and let B: C R" be a ball of radius r. Proof: For a complete proof see, e.g., [22] , [ 121. Since it is useful to understand how the proof works, we will consider here only the simplest case of a real algebraic curve A : = { f = 0} in W2 where f ( x , y ) is a polynomial of degree d .
Set A , = A f l BF. Again for simplicity, we will assume 2r/ E E M. Then clearly we can find a square S, whose sides have length 2r such that A , C S,. Now divide S, into ( 2 r /~)~ subsquares si ( i = 1, * * , ( 2 r /~)~) whose sides have length E .
Let t be the number of subsquares which A , intersects; let u be the number of points of intersection of A , with the horizontal and vertical lines which define the subsquares si;
and let u be the number of "ovals" (i.e., compact connected components) of A, (see [16] ) which are properly contained in the si (i = 1, . e , ( 2 r /~)~) .
since we have 41-16 vertical and horizontal lines andf(x, y) has
which gives us the required bound.
Q.E.D.
Remark: In the control of a robotic manipulator and in particular the piano movers' problem, usually it is essential not only to avoid direct collisions, but also to avoid approaching too closely certain obstacles (e.g., "walls") which can obstruct the motion of the manipulator. As before, this problem can be reduced to the control problem of constraining (if possible) the control parameters from lying in an E neighborhood of a prescribed semialgebraic set. Of course, the choice of a specific E depends on physical considerations, but, certainly, a reasonable choice will involve having the set of admissible parameters sufficiently "large" to be able to control the manipulator. This leads us to the following result. Remark: Since Ro and Rl depend only on D ( A ) , Corollary 1 allows us to find an E > 0 such that the measure of the inadmissible control parameters will be uniformly small relative to any obstruction with prescribed "semialgebraic" complexity when k < n.
Another natural problem concerning the complexity of control of a robotic manipulator is the following. Suppose we want the tooling device to cover a prescribed semialgebraic subset B C O(A ') (the space of accessible positions) with a prescribed accuracy E . How complicated a control subspace of parameters B C A ' , such that 0(B) = B , is needed?
In treating such a problem it is very natural to use E entropy since in many practical situations the prescribed subset B( = 0(B)) C W 3 X SO(3) and the control subspace B will be pointwise stored in a digital computer. Now from Section I the mapping 0 : A ' -+ R 3 x SO(3) is a polynomial mapping. Hence the question we have just posed amounts to a problem about the behavior of the E entropy of semialgebraic sets under polynomial mappings. We can, therefore, answer such questions with the following result. in terms of the "semialgebraic complexity" of the control set A . Hence if the set to be covered is given, as well as the accuracy E of the covering, Theorem 5 gives a lower bound for the complexity of the required control.
2) In the special case, when A = C(y) (see Section V), we return to the problem of "bad positions" considered before. Then Theorem 5 gives the following important bound for the E entropy (and not only the Lebesgue measure) of A(y).
Corollary 2: With the hypotheses of Theorem 5 , (since dim C(y) = 3n, and we assume 3n 2 m).
Remarks: 1) For fixed M ( E , A(y))+& as y+O. This means that the set A(y) is "small" for y "small" in the sense that in any regular net many points are "far away" from However, from Section VI-B, property l), P ( w Y ) ) < K(n)E"M(e, N Y ) ) .
Therefore, taking E + 0 on both sides of (*) immediately gives Theorem 3.
VII. CONCLUSION
In this paper we attempted to show that many problems connected with robotic manipulators amount to certain questions about the geometry of real semialgebraic sets. In this sense, our work is a continuation of work such as [14] and However, given the powerful techniques available today in real semialgebraic geometry, e.g., the stratification and triangulation theorems of Hardt [5], [7] and Hironaka [9] , the results concerning the notion of E entropy, and, in general, the metric properties of semialgebraic sets and mappings (see, e.g., [6] , [20] , [22]-[24] ), we have tried to point out the relevance of more sophisticated results from this theory to practical problems in robotics. In this sense, our paper may be 1151.
